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Mid-Term I
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1. Stability of Stars

(a) For a star in hydrostatic equilibrium, two of the stellar structure equations are

∂r

∂m
=

1
4πr2ρ

∂P

∂m
= − Gm

4πr4

Use these two equations to express local the pressure scale height HP ,

Hp = − dr

d ln P

in terms of P , ρ and g = Gm/r2 in a form that does not contain derivatives.

Hp = − dr

d ln P
= −P

∂r

∂m

/
∂P

∂m
= −P

1
4πr2ρ

(
−4πr4

Gm

)
=

P r2

ρGm
=

P

gρ

Score: 2

(b) Consider the definition of ∇µ,

∇µ =
d ln µ

d ln P
.

What is the quantity “µ”?
µ is the mean molecular weight.

Score: 1

(c) In a star in hydrostatic equilibrium, if ∇µ > 0, does µ increase or decrease
with increasing radius (or mass) coordinate?
Hint: Consider how pressure changes with radius.
For this condition, µ does decrease with increasing radius coordinate.

Score: 2
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(d) The condition for stability against convection is given by the Ledoux criterion:

∇rad < ∇ad +
ϕ

δ
∇µ

In the figure below indicate regions of convection.

Recall the definitions from the equation of state:

∇ =
(

d ln T

d ln P

)
star

, ∇ad =
(

∂ ln T

∂ ln P

)
ad

, δ = −
(

∂ ln ρ

∂ ln T

)
P,µ

, φ =
(

∂ ln ρ

∂ ln µ

)
P,T

and that “ad” means “at constant entropy”. ∇ is the actual temperature gradient in
the star with respect to pressure.

Score: 3

(e) Bonus: Indicate semiconvective and thermohaline regions as well.

Score: extra points: 2
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2. Burning in Stars

(a) List the six major nuclear burning stages in massive stars.

i. hydrogen burning
ii. helium burning
iii. carbon burning
iv. neon burning
v. oxygen burning
vi. silicon (sulfur) burning

Score: 6

(b) The first of these two major burning stages of massive stars last much longer than the
last four.
What is the main reason for that?
In the last four stages neutrinos carry away most of the energy directly from the interior
of the star.

Score: 2

(c) Two major different modes (cycles, chains) of hydrogen burning exist in massive stars.
Which are they?

i. CNO cycle
ii. pp chains

Score: 2

Continued on next page
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(d) The Eddington luminosity of a star is given by

Ledd = 3.3× 104

(
M

M¯

)
L¯

How long can a 10 M¯ star entirely composed of hydrogen shine at Eddington
luminosity if it burns its entire fuel (hydrogen) to helium?
Assume burning releases 27 MeV per helium nucleus formed,
L¯ = 3.83×1033 erg s−1

M¯ = 1.9891×1033 g
NA = 6.022×1023 mol−1

1 eV = 1.6×10−12 erg

The time scale can be computed by dividing the total energy supply by the luminosity:

τ =
E

L
=

M × 27/4 MeV ×NA × 1.6×10−12eV/erg × 106 MeV/eV

M × 3.3×104 L¯/M¯

τ = 1.0×1014 s = 3.25×106 yr

A star made of pure hydrogen can shine for about 3 Myr at its Eddington luminosity.

Score: 4

(e) Under the same assumptions, how long can a 100 M¯ star entirely composed of
hydrogen shine at Eddington luminosity if it burns its entire fuel (hydrogen)
to helium?
The same time.
Explanation:
Both, the fuel supply and the Eddington luminosity scale as mass, so their ratio remains
constant.

Score: 2

(f) Still under the same assumptions, what is the exponent “ν” in the mass-
luminosity relation

L ∝ Mν

for such stars?
Luminosity is proportional to mass, i.e., ν = 1

Score: 2

Continued on next page
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3. Equation of state.

(a) List (name) the four major regimes of the equation of state in stars.

i. radiation dominated (P = a
3T 4), γad = 4/3

ii. ideal gas (P = RT ρ
µ ) γad = 5/3

iii. non-relativistic degenerate gas, γad = 5/3
iv. relativistic degenerate gas, γad = 4/3

Score: 4

(b) BONUS: Can you assign an adiabatic index γad to each of these equations of
state?
Hint: Recall the definition of γad:

γad =
(

∂ ln P

∂ ln ρ

)
ad

Score: extra points: 2
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4. Virial Theorem and Equation of State

(a) For a star in hydrostatic equilibrium composed of ideal gas, is its total energy
(internal energy of gas + gravitational energy + kinetic energy) positive or
negative?
It is negative.

Score: 1

(b) Assume a star of luminosity L > 0 in hydrostatic and thermal equilibrium that has used
up all its internal nuclear energy, but continues to shine.
Will its total energy increase or decrease? Will the internal energy of the
gas increase or decrease? How will its average temperature change?
The total energy will decrease, the star will contract, its total internal energy will in-
crease, and the average temperature will increase.
This is a result of the virial theorem.

Score: 4

(c) Now consider the same situation as above, but for a star of completely non-relativistic
degenerate gas.
How does pressure depend on temperature for non-relativistic degenerate
gas? How will the average temperature of this star change?
For non-relativistic degenerate gas pressure is independent of temperature. Therefore,
when the star looses energy – cools – it will not contract, it will just cool down. The
average temperature of the star will decrease.

Score: 2
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